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Abstract 

In this paper, we present the general invariance principle of G-Brownian 
motion for the law of the iterated logarithm under G-expectation, that is, 
for G-Brownian motion {Bt)t>o in G-expectation space {Q, LqjK), for any 
n > 3, let 

Cn{t) = (2nloglogn)-^B(nt), Vt G [0, 1], 

:= {x(-) : X G C([0, 1]), x(0) = 0, / \x(t)\^dt < ^^}, /3 G IR+, 

Jo 

and if E[Bf] = a^, -E[-Bj] = a^, then 

(I) the sequence (Cn)n>3 is relatively norm-compact quasi-surely, 

(II) v{C{Cn) ^K^} = 1, 

(III) v{CiCn) 2 K^} = 1, 

(IV) yp€[a,a],V{CiCn) = K^} = l, 

where C{Cn) denotes the cluster of sequence {Cn)^=3, (V, v) is the conjugate 
capacities generated by G-expectation ]E[-]. 

And we also give some examples as applications. 
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1 Introduction 



The classical law of the iterated logarithm (LIL for short) as fundamental limit 
theorems in probability theory play an important role in the development of prob- 
ability theory and its applications. The original statement of the LIL obtained 
by Khinchine (1924) [7] is to a class of Bernoulli random variables. Kolmogorov 
(1929) [S] and Hartman-Wintner (1941) [S] extended Khinchine's result to large 
classes of independent random variables. Strassen (1964) [T7] extended Hartman- 
Wintner's result to large classes of functional random variables, it is well known 
as the invariance principle for LIL which provide an extremely powerful tool in 
probability and statistical inference. 

Starting with Strassen|17j. a wide of literature has dealt with extension of 
the invariance priciple for the classical IID conditions are so strong that limit 
the applications of the invariance principle. So many papers have been to find 
weak dependence or nonstationary conditions which are not only enough to imply 
the invariance principle but also sufficiently general to be satisfied in typical 
applications, see for example [i] . [9] . . [TT] . [T8] . 

On the other hand, the key in the proofs of the invariance principle is the 
additivity of the probabilities and the expectations. In practice, such additiv- 
ity assumption is not feasible in many areas of applications because the uncer- 
tainty phenomena can not be modeled using additive probabilities or additive 
expectations. As an alternative to the traditional probability expectation, ca- 
pacities or nonlinear probabilities expectations (for example Choquet integral, 
g-expectation) have been studied in many fields such as statistics, finance and 
economics. 

Recently, motivated by the risk measures, super-hedge pricing and model 
uncertainty in finance, Peng [12]- [IS] initiated the notion of independently and 
identically distributed (IID) random variables under sub-linear expectations. He 
also introduced the notion of G-normal distribution and G-Brownian motion as 
the counterpart of normal distribution and Brownian motion in linear case re- 
spectively. Under this framework, he proved one law of large numbers (LLN for 
short) and the central limit theorems (CLT for short) [13]. As well, Chen proved 
the strong LLN [T] and LIL [2] in this framework. G-expectation space is the 
most important sub-linear expectation space introduced by Peng [12], which take 
the role of Winener space in classical probability. Now more and more people are 
interested in G-expectation space or sub-linear expectation space. 

A natural question is the following: Can the classical invariance principle for 
LIL be generalized under G-expectation space? The purpose of this paper is to 
investigate the invariance principle of G-Brownian motion for LIL adapting the 
Peng's IID notion under G-expectations space, of course we can not use the 
distribution as in [T7] . 
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The remainder of this paper is organized as follows. In section 2, we recall 
some notions and properties in the G-expectation space, and prove some lemmas 
which will be useful in this paper. In section 3, we state and prove the main 
results of this paper, that is the invariance principle of G-Brownian motion for 
LIL under G-expectation. In section 4, we give some examples as applications of 
the new invariance principle. 

2 Notations and Lemmas 

In this section, we introduce some basic notations and lemmas. First, we shall 
recall briefly the notion of sub-linear expectation and IID random variables ini- 
tiated by Peng in [15]. Let J^) be a measurable space and let "H be a linear 
space of random variables on J-"). 

Definition 2.1 IT^ A function E : H — )■ M called a sub-linear expectation, if 
it satisfies the following four properties: for all X,Y 

(1) Monotomcity: E[X] > E[Y] zfX>Y; 

(2) Constant preserving: E[c] = c, Vc G M; 

(3) Suh-additivity: E[X + Y]< E[X] + E[r]; 

(4) Positive homogeneity: E[AX] = AE[X], VA > 0. 

The triple (fi, "H, E) is called a sub-linear expectation space. 

Given a sub-linear expectation E[-], let us denote the conjugate expectation £[■] 
of sub-linear expectation E[-] by 

£[X] := -E[-X], X en. 

Definition 2.2 IT^ Independence and Identical distribution 

In a sub-linear expectation space (r2,'H,E), a random vector Y G is said to 
be independent from another random vector X G T-L"^ under ¥,[■] if 

E[ip{X,Y)] = E[E[^{x,Y)l=xl Vy. G Ci,upiR"'+^) . 

Let Xi and X2 be two n-dimensional random variables in sub-linear expecta- 
tion spaces (f2i,'Hi,Ei) and (f22,'H2,E2) respectively. They are called identically 

distributed, denoted by Xi = X2, if 

Ei[(^(Xi)] = E2[(p(X2)] , VV9 G ClMpO^"). 

If X is independent from X and X = X , then X is said to be an independent 
copy of X . 
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Definition 2.3 IT5^ G-normal distributed 

A random variable X on a sub-linear expectation space "H, E) is called G- 
normal distributed, denoted by X A/'(0, [a^, o'^]), if 

aX + bX = Va^ + b^X, Va, 6 > 0, 

where X is an independent copy of X , d"^ = E[X^] and = £[X'^]. Here the 
letter G denotes the function G{a) := ^E[aX'^] = - q^a~) -.R—^-R. 

Lemma 2.1 Suppose is distributed to G normal f/{0, , where < 

a < a < oo. Let (p be a even and bounded continuous positive function, then for 
any b eR, 

e-is[m]<m^-b)]. 

Definition 2.4 /^J G-Brownian motion 

Let G(-) : M — M, G{a) = ^{a'^a^ — g^a~), where Q < g_< a < oo. A stochastic 
process {Bt)t>o in a sub-linear expectation space (f2,?^,E) is called a G-Brownian 
motion if the following properties are satisfied: 
(z) Boiiu)=0; 

(a) For each t,s > 0, the increment Bt+a—Bt isj\f{0, [sg^, sa'^]) -distributed and is 
independent to {Bt^, Bt^, ■ ■ ■ , -Bt,J, for each n e N and < ti < t2 < ■ ■ ■ < tn < t. 

• In the rest of this paper, we denote hj Q = Co{R'^) the space of all M- valued 
continuous functions {uJt)t£R+ with uq = 0, equipped with the distance 

oo 

p(u\ u^) := V 2^n(max lu! -ujf\)Al]. 
^ te[o,i] 

2=1 

• For every a; G 17, define the canonical process by Bt{u) = Ut, t > 0. The 
filtration generated by the canonical process {Bt)t>Q is defined by 

Ft = a{B„ 0<s<t}, T = V}t>^7f 

• For each fixed T G [0, oo), we set fi^ := {uj.^t '■ ^ ^ ^j, 

Lip{nT) ■■= WiBt.AT, ■ ■ ■ , 5t„AT) : n G N, ti, ■ ■ ■ , t„ G [0, CX)), G C;,;ip(M")}, 

Lip(Q) := U'^^iLip^Qn) ■ 

• For any given monotonic increase and sub-linear function G(-) : M M, there 
exist a > g_ > such that G{a) = |(o"^q;"'" — g^a~). We can construct (see 
[12], [13]) a consistent sublinear expectation called G-expectation E[-] on Lip{Q), 
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such that Bi is G-normally distributed under and for each s,t > and 
ti, ■ ■ ■ ,tn ^ [0,t] we have 

where ijj{xi,--- = ]E[(/)(xi, ■ ■ ■ ,Xn, y/sBi)]. Under G-expectation ]E[-], the 
canonical process {Bt)t>o is a G-Brownian motion. 

We denote the completion of LipiVt) under the norm := (]E[|X|^])p 

by L^(f2),p > 1. And we also denote the extension by ]E[-]. In the sequel, we 
consider the G-Brownian motion means the canonical process {Bt)t>o under the 
G-expectation space E). 

Let ^0,00 denote the set of all [a, aj-valued, J^^-adapted processes on the in- 
terval [0, 1]. For each fixed 6 G ^0,00, set Pq, the law of the process (/^ 6sdBs)t>Q 
under the Wiener measure P. We denote by 

V = {Pe: ^gAoo}, 

and define 

V{A) := sup Pe{A), v{A) := inf Pe{A), VA e B{n). 
It is easy to check that 

V{A)+v{A'') = 1, VA e 

where A'^ is the complement set of A. Through this paper, we assume that {V, v) 
is the conjugate capacities generated by G-expectation ¥.[•]. From Denis et al.[3], 
we know that V is tight. For each X e LP{VL) (the space of all Borel measurable 
real functions on VL) such that E0{X) exists for any 9 G ^0,00, define the upper 
expectation 

:= sup Ee{X). 

From Denis et al. [3], for all X e Lg(^)' it holds that E[X] = E[X]. 
Definition 2.5 quasi- surely 

A set D is polar set ifV{D) = and a property holds "quasi- surely" (q.s. for 
short) if it holds outside a polar set. 

Lemma 2.2 Borel- Cantelli lemma 

Let {An,n > 1} he a sequence of events in T and (y^v) he a pair of capacities 
generated by G-expectation 
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(1) If EZi ^(^n) < OO, then Vin^^, A,) = 0. 

(2) Suppose that > 1} are pairwise independent with respect to V, that is 

oo 

w=iA:) = nm:)- 

n=l 

If EZi ^(^n) = OO, then t;(n- 1 U-„ A,) = 1. 

Lemma 2.3 (1) Let Xi and X2 be two real random variables in G-expectation 
spaces (r2,L^,]E). If Xi = X2, then 

E[v.(Xi)] = E[v9(X2)], I.e. V{X^ e A) = V{X2 G A), 

where (f{x) = Ia{x), A is an interval of the following types: (—00, a), (—00, a], 
(a, b), (a, b], [a, b), [a, b], [b, 00), or {b, 00) with (a, b) G and a < b. 

(2) In G-expectation space [Q, Lq, K), a real random variable Y is independent 
from another real random variable X under ¥,[■], then 

E[ip{X,Y)] = E[E[^(x,r)]^=x], i.e. V{X e A,Y e B) = V{X e A)V{Y e 5), 

where ip{x,y) = lA{x)lB{y) , A is an interval of the following types: (—00, a), 
(—00, a], {a,b), {a,b], [a,b), [a,b], [b,oo), or (6,00); B is an interval of the fol- 
lowing types: (— oo,c), (— oo,c], {c,d), {c,d], [c,d), [c,d], [rf, 00) or {d,oo) with 
(a, b, c, d) G and a < b,c < d. 

Proof. (1). We just consider the case a = y, A = {—oo,y], other cases can 
be proved similarly. Let ¥{y) := E[/yi<j/] = V{Xi < y), then E is a continuous 
function on M from lemma 8 in page 143 of So for each ?/ G M, for any e > 0, 
there exists 6 > such that 

\¥{y)-¥{y)\<e, ^y E [y - 5,y + 5]. 

Now we define two auxiliary functions 

{1 X e {-oo,y - 6); ( 1 x e {-oo,y); 

^ xe[y-6,y]; gix) = I xG[y,y + 5]; 

xG(y, 00), [ xG(?/ + 5, 00). 

Because Xi = X2, using the monotonicity of E[-], we get 

W{y -6)< E[/(Xi)] = E[/(X2)] < nix,<y] < nsiX^)] = E[5(Xi)] < ¥{y + 6). 
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Therefore 

-e < ¥{y -5)- ¥{y) < l[/x,<,] - Wx,<y\ < Hv + 5) " Hv) < e. 
By tlie arbitrariness of e we get ]E[/x2<j/] = ^[Ixi<y]^ that is V{Xi <y) = V{X2 < 

y)- 

(2). We only consider the case A = (— oo, a], B = (— oo, c], other cases can be 
proved in the same way. For V being compact, we get F(a, c) := K[Ix£A ■ Iy^b] = 
V{X < a,Y < c) is a. continuous function on also from lemma 8 in page 143 
of [3]. So for each (a, c) G M^, for any e > 0, there exists 6 > such that 

|F(a, c) - F(a, c)\ < e, V(a, c) G [a - 5, a + 5] x [c - 5, c + 5]. 

Similarly as (1) we define two auxiliary functions 

{x, y) G (— oo, a — 5) X (— oo, c — 5); 
/(a;,?/)=<( G (a,oo) X (c,oo); 

others. 




{x,y) G (-oo,a) x (-oo,c); 
g{x,y)={ (x,?/) G (a + 5, oo) X (c + (5, oo); 

others. 

Obviously, 

/(a;, y) < ip{x, y) = Ix<a ■ Iy<c < gix, y.) 
For Y is independent from X under E[-], we get 

¥{a -6,c-6)< E[/(X, ¥)] = E[E[/(x, Y)]^=x] < E[E[v^(x, Y)l=x], 

while 

nE[ip{x,Y)l=x] <nn9{x,Y)l=x] = n9{X,Y)] <¥{a + 6,c + 6). 
It deduce that 

-e < ¥{a-6,c-6)-¥{a,c) < E[¥[ip{x,Y)],^=x]-¥[v{X,Y)] < ¥{a+6,c+6)-¥{a,c) < e. 

By the arbitrariness of e we get ¥[ip{XX)] = ¥^[ip{xX)]x=x\, that is V{X < 
a,y < c) = V{X < a)V{Y < c). □ 

Remark: A similar result as (1) of Lemma [2.31 can be proved similarly when 
Xi, X2 are in two sub-linear expectation spaces respectively and one of the proba- 
bility set generated by the sub-linear expectation is weakly compact. Meanwhile, 
the conclusion (2) of Lemma [2. 3^ of course, holds true if X, Y are in a sub-linear 
expectation spaces and the probability set generated by the sub-linear expectation 
is weakly compact, the proof is also similarly. 
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Lemma 2.4 For any s <t, we have for almost surely y G M"*" 

V{m>y)<V{\Bt\>y). 

Proof. Let {Q,J-',P) be a probability space and {Wt)t>o be Brownian motion in 
this space, {J^t)t>o is the filtration generated by (Wt)t>o- Denis et al. [3] have 
proved 

E[v9(fii)] = snpEp[^{ I e,dW,)l Vv9 G C,^Hp{M), (1) 
6»ee Jo 

where denote the collection of all [a, aj-valued J-i-adapted process on interval 
[0,1]. To proof the lemma, we fist prove 

WB,<y\ = SUpEp[Irig ,^ ]. (2) 



eee 



Define F(y) := sup^g© -Ep[/ji ^^^p^^^J, then F(-) is a not decreasing function on 
M. So F(-) is almost surely continuous. Take y is the continuous point of F(-), 
for any e > 0, there exists 6 > such that 

|F(y)-F(y)| <£, \/ye[y-5,y + 5]. 

Using the same auxiliary functions in the proof of the first part of Lemma (12. 3 p 
and equality ([T]), we get 

¥{y -6)< E[/(5i)] < E[Jb,<,] < ng{B,)] < ¥{y + S). 

Therefore 

-e < ¥{y - 6) - ¥{y) < 1[/b,<,] - F(y) < ¥{y + 5)- ¥{y) < e. 

By the arbitrariness of e we get IE[/bj<j,] = F(?/), that is equality ([2]) hold. 

Similarly, we can show for almost surely y G the following equality ([3]) 
hold 

Wm>y] = SUpEp[/| .1 |> ]. (3) 

Since Bt = VtBi , from Lemma 12.31 and equality ([3]) we have 

V{\Bt\ >y)= W\BA>y] = W\B,\>^] = SUpEp[/| rlg^^w^^^^]. 

Hence, for any s < t, we have for almost surely y G M'*^, > y) < V{\Bt\ > 

y)- □ 

Lemma 2.5 If g_ > 0, i/ien i/ie j)ai/is of G-Brownian motion are q.s. nowhere 
differentiable. 
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Proof. Suppose B.{uj) is differentiable at s, then there exists 5 > 0,/ > 1, such 
that \Bt{uj) — Bs{u))\ < l\t — s\ for any \t — s\ < 6. From the definition of quadratic 
variation process of G-Brownian motion [12], it follows that 

n n 

= lim < lim ^ |t,+i-t,|2 = , 

Meanwhile Peng in [TB] has show that {B)s^s{^) — {B)s > g_6 > q.s.. We deduce 
therefore that V{uj : B.{uj) is differentiable at s} = 0. So the lemma holds. □ 



3 The invariance principle of G-Brownian mo- 
tion 

In this section we will consider the invariance principle of G-Brownian motion for 
the LIL under G-expectation. First let us give some basic notations. Let B{t)t>o 
be the G-Brownian motion, Bt ~ A/'(0, [tg^jta"^]). Define 

Cn{t) = {2n\oglogn)-^B{nt), Vt G [0,1], n > 3. 

Let C([0, 1]) be the banach space of continuous maps from [0, 1] to M endowed 
with the supremum norm || ■ ||, using the enuclidean norm in M. (n is then a 
random variable with values in C([0, 1]). For any /3 G M"*", define 

Kf} := {x(-) : X G C([0, 1]), x(0) = 0, / \x{t)\^dt < f3^}. 

Jo 



Theorem 3.1 Let C{(n) denotes the cluster of sequence (Cn)^3) then 

(I) The sequence {Cn)n>3 is relatively norm-compact q.s.. 

(II) v{C{Cn)^K,}=~l. 

(III) v{C{Cn)^K^} = l. 

(IV) Wf3 G [a, (t],V{C{Q = Kp} = I. 
Proof. (I) and (II). For any £ > 0, let 

Kl ■= {x(-) : X G C([0, 1]), d{x, K^) < e}. 

Moreover, let r]n be the random variable in C([0,1]) obtained by interpolating 
the points Cn(^) at ^ (z = 1, ■ ■ ■ ,m), where m is a positive integer which will be 
decided in the later. For any 5i > 0, we have 

V{Cn i Kl} 
= Il + l2. 
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For any A > 0, by Chebyshev's inequality and Lemma [2. 3 [ we get 
h = V{[ \r]^{t)\'dt > {a + e^f} 



In log log n/m 

y , TZi[B{^) - B{^)f ^ + £1)2 log log n 
na^jm a 



< exp(-2A(l + — )^loglogn)E 



a 



exp(-2A(l + — )Moglogn) JJe 



exp 



exp 



'>\Bm-B{^)f 



exp(-2A(l + — )^loglogn)[Eexp( )r 
a na^/m 



For each Si > 0, we choose X{ei) G (0, |) such that /3i := 2A(1 + > 1, 
therefore 



:= lexp(— ^) = ^ / exp(Ay2) exp(V/2)rft/ < oo. 
Hence 

/i<C(£i)"^exp(-/3iloglogn). (4) 

Meanwhile, 



l2 = V{rj^eIQ+e,. Cnim 

< V{r]n e II Cn - — ^nll > s} 

a + Si 

= sup P{r]n e A'fT+ei, II Cn " '7n|| > s} 



Define the random variable T by 

J. ,^ i ram{t : t G [0, 1], |Cn(t) - jf^Vnit)] > if this set is nonempty; 
\ 2, otherwise, 

and let Fp be its distribution function under P, thus 
h < sup / P{r]n e Ka+e,\T = t}dFp{t) 

p&vJo 

rl - 

= sup / P{i]n G K^+,„ \Ut) - — r]n{t)\ = e\T = t}dFp{t). 

P&V Jo cr + Bi 
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Let i{t) denote the smallest integer i with i/m > t, the statement rj^ G -R'a+ei 
implies 

I Ait) . , ., a + El 



m \/m 

Together with 



we have 



cr + El 



\CnC—)-Ut)\ 

m 

> \Vnit) - Ut)\ - \VnC—) - Vn{t)\ 

m 

^ + ei a -El a + Ei 

> = 1^ Vn{t) - Cn{t) - — Cn{t)\ 



a a + El a + El y/m 

> (1 + £i)e - _ ^ + ^1 
~ a a^ln log log n y/m 

> e/2 q.s. 

where the last inequality is obtained by LIL of chen [2] and choose Ei close to 
and m be sufficiently large. For A > 0, using lemma 12.41 it follows that 

/2<sup r P{\CnC-^)-Cn{t)\>e/2\T = t}dFp{t) 
P&V Jo ^ 

<sup\/{|Cn(-)|>^/2} / dFp{t) 
P£V rn Jo 

^ \B{^)\ ^ E^/2m\og\ogn 
' 2a 



<exp(- ^-''"^'!f'°^" )E|exp(^)l. 



m 



Choosing X{e) G (0, 1/2) and m such that P2 '■= XE'^m/a'^ > 1, as before there 
exist D{e) > such that 

J2 < -D(e) exp(-/32 loglogn). (5) 
From inequalities (jl]) and ([5]) we have /3 := /3i A /32 > 1 and 

V{Cn i m < (C(£ir + D(£))exp(-/31oglogn). 
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fc=l 



If rik = [c^J + 1, where c > 1, [cj is the largest integer not greater than c, then 

oo oo 

Y,V{U i m < {C{e,r + D{e)){\ogc)-^Y.^-P < ^- 

k=l 

By Borel-CanteUi lemma, we have 

oo oo 

in other words, 



i=l k=i 



1=1 k=i 

For c sufficient close to 1 this implies that 



i=l k=i 



Hence, v{C{(n) ^ K^) = 1 and for any e > 0, (Cn)n>3 exists a relatively compact 
2£:-net q.s.. This shows that (Cn)n>3 is relatively compact q.s.. The proof of (I) 
and (II) is complete. 

(III). For any < (3 < a, any given x E Kjs, let m > 1 be an integer, Eq > 
and An = (l^^Al^, where 



m m 



- I x(— ) - x{- — - 

m m ' 



, m. 



By the stationary increments property of G-Brownian motion and Lemma 12. 3[ 
we have 



B(^' 



y/2n log logn 
B{n) 



y/2n\og log 77, 



x(— ) — x{- 

m m 

x(— ) — x{- 

m m 



where 5(t) = 5(^) ~ ^{0, [7^, ^]). Let us choose Uk = k^" for /c > 1 where 

3tain that 



< a < 77!-. Then we obtain that 

2m 



x(— ) — x{- 

m m 



<£2 



y/2nk log log Uk 

\B{nk-i)\ A/2nfc„i loglogrifc^i ^ £0 
A/2nfc„ilog logrifc^i yJ2nk log logn^ ~ 2 

12 



For each t > 0, let 



Nk ■■= [{rik+i - nfc)V/(2nfc+iloglognfe+i)J: 

Tk ■= V 2?^^+! log log Uk+l/ (tlk). 



We have 



> V 



> V 



> V 



B{nk) - B{nk-i] 



y/2nk log lognfc 



— I x{ — ) — X 



m 



A - 1, 



x\ — I — x\ 
m m 



« - l^ £q ^ B{nk - Uk-i] 



^ < 



2 y/2nk log log Uk 



< x( — ) — X 
m 



,z - 1, , Eq 



x[ — ) — x{ ) r < ,^ < a;( — ) — x 

m 



m 



m 



4 ~ y/2nk log log Uk 

_£o ^ B{nk - Uk-i) - B{Nk^ilk-i) ^ £o 
4 ~ ^2?^/^ log log Uk ~ 4 

tlk^i X — ) - a;( ) - — ' ^ 

V m m 4 



m 
,z — 1 , 
m 



£o 
4 



< 



< tlk-l ( x(-) ^) + 



^0 



_£o ^ ^(^fc - ^fc-i - Nk-ik-i) ^ £o 
4 ~ y/2nk log log^fc ~ 4 



m m 4 



_£o ^ i^(^fc - ^fc-i - A^fc^i/fc-i) ^ £o 
4 ~ A/2ntloe loent. ~ 4 



< I x(— ) — x{- 

m m ' 



> £ 



^/2nk log \ognk 



Sq B{nk - Uk^i - Nk-ik^i) , £o 

V s < < — 

4 ^/2nk log lognfc 4 

where is a even function defined by 



[X 



0, 



Applying Lemma 12.11 and CLT |15j , we have if /c — ?■ 00 



log S 



> 



[B{Nk^ 



Tk-l 

m(x(^-x{^))H^ 
2a2 



m m 



-)■ log£^ 



(B{l)-{x{-)-xC-^))t 
\ mm 



log^[0(5(l))]. 
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Thus as — > CX3 



2nfcloglognfc 
Ik-ijrik - Uk-i) 
2nfclog loguk 



\og£ 
\og£ 



Tk-l 

BjNk^i] 

Tk^l 
,1 - 1, 



m m 



m m 



^ r'\og8[<P{B{l)-{x{-)-x{ ))t)] 

m m 



Together with lim log£:[0(5(l) - (x(^) - > 
have, for large enough t, 

Uk - Uk-l 



2(72 



iim — • log t 

fc-s>oo 2nk log log Uk 



f B{Nk^i] 

\ Tk-^l 



m m 



ik- 



we 



On the other hand, by Chebyshev's inequality, it follows that 



(6) 



,.,.B{nk - Uk-i - Nk^ik^i)) . Eq 8{nk - Uk-i - Nk^ilk~i)(r'^ „ , 

V(\— , , = —\ > — ) < ^ n — - — ^ 0, /c oo. 

V2nfc log log rifc 4 meQUkloglognk 



Therefore, as /c — )■ oo 

Hk - Uk-l 



\ Bijik - Uk-l - Nk-ik-i)) . So 

log V \ < < — 

2rafcloglognfc [ 4 yJ2nk log log 4 



- "^-^^^-^ ^^z{^ y^^B{nk-nk^,-Nk.,lk-.)) 

2nfcloglognfc ^2^, log log ' 4^' 

So, from ([6]) and (JTj) we have 



> 



hm - — - — log V 

k^oo 2nk log log Uk 

m(x(^) 

2a2 



B{nk) - B{nk- 



yJ2nk log log Uk 



) -xC- — ^ 
m m 



)) 



- 2 



Since x G A'^j, we have 



X -) - X )| < ^ < 



Vz = 1, 



m. 



14 



So there exist 6 > such that d := 6 + maXi<rn C^"'^^ •' )^ + 1 < 2. Thus, there 
exist ko such that Wk > ko, 

BjUk) - Bjnk^i) _ j_ _ < £o 

v/2nfcloglognfc ^ ^m^ ^ m " 2 
> exp(-rfnfcloglognfc/(nfc - nfc_i)). 

Meanwhile from the LIL of chen 12] we have v( hm "^^"1 = < = 1 and 

' n^oo V2n log log n — 

^2nfe_i log log nfe_ 



V2nfc log log rife 



— — )■ as /c — )■ oo, hence there exist /ci such that Wk > ki, 



\B{nk_i)\ A/2nfc_iloglognfc_i ^ £o , ^ - 



^y2nk-l\og \ognk-i V2?^fc log log Uk 2 J 2 

By applying lemma I2l3| we get for any k > (/cq V /ci) 

m 
1=1 

> ^ exp(-m(infc log log nfc/(nfc - rifc-i)) 

> ^exp(-2mrafcloglognfc/(rafe - 

^exp(-2mloglognfc) 
1 



P™"(21ogA;)2'" 

Thus X]fcLi^(^nfe) = oo for 2ma < 1, using the Borel-Cantelli lemma, we get 
infinitely many events happen q.s.. 

Next will show that for any given < s < t < 1, quasi-surely there is infinitely 
k such that 

Cn... (t) - Cn, (s) < crVt^ + So. (8) 
In fact, by the LIL under capacity, we have 



v{ lim —^^=^^= < ay/t — s) = 1, 

n^oo ^2?T,loglogn 

where B{r) = B{(t — s)r) ~ A/'(0, [(t — s)a^r, {t — s)a'^r]). So, we have 

oo oo 

^{fl U(l^«^- W - ^ ^^^^ + 



oo oo 

i=l k=i 

oo oo 



V 



i=[k=i v2nfcloglognfc 
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For any £ > we set m > (— )^ and choose eo such that £o < ^ after fixed m. 
Now we consider the Uk making Anf. happens and satisfying inequahty (E]), 

llCn, -x\\ = sup |Cn,(t) 
te[o,i] 



= sup 

te[o,i] 

[mt] p 

+E 



* / N * / I ITT-t k /I k /X 



< 



i=l 

a 



Cuk ( ) Crife ( ) 



m 



x(— ) - 

m m 



/3 



m 



2a 

< + mSQ 



msQ 



m 
< e. 

We conclude that 

HxgC(c„)} = i, 

and thus 

v{Kp C C(Cn)} = 1, 

for Kp having countable dense set. So 



;{U^.-^^C'(C„)} = 1. 



n=l 



Since C(Cn)) is a closed set, we get 

v{K^<ZC{Cn)} = l. 

The proof of (III) is complete. 

(IV). For any (3 G [g_,a], there exist Pp E V such that B(t)/f3 be a classical 
Brownian motion under P^, so by the stranssen's invariance principle Pj3{C{Bn) = 
Kfs) = 1. Therefore, V{C{Bn) = Kp) = 1. 

The proof of Theorem 13. II is complete. □ 

Notice that the discreteness of n is inessential for the previous considerations. 
More precisely, the following corollary holds true. 

Corollary 3.1 If u > e is real and we put Cm(^) = {2u \og\og u)~ ^ B(ut), t G 
[0, 1], then we have 

(I) The sequence {Cu)u>e is relatively norm-compact q.s.. 

(II) v{CiCu) C K,} = 1. 

(III) v{C{Q D KJ = 1. 

(IV) V/3 G [a, a],V{C{Q = K^} = 1. 
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Corollary 3.2 If ip is a continuous map from C[0, 1] to some Hausdorff space 
H , then we have 

(I) The sequence (</?(Cn))n>3 is relatively norm-compact q.s.. 

(II) v{C{ip{Cn))^^{K,)} = l. 

(III) v{C{^{Cn)) 5 ^{K^)} = 1. 

(IV) G k,(r],V{C{ip{Cn)) = ^{Kp)} = 1. 

We substitute (Cn)n>3 with {Cu)u>e, the conclusion also holds. 



4 Some applications and comments 

In this section, we give some applications and comments, which can be obtained 
by our invariance principle and the arguments of Strassen [17] . 

Example 4.1 Let /(■) be any Riemann integrable real function on [0, 1], 

F(t) = ^ f{s)ds, te[0,l]. 

Then, 

,1 s 1/2 n . / /•! \ 1/2" 



V 



a (^j^ F\t)dt^ < lim {2n^\oglogny^/^ ^ ~ (/ ^'^^)^^) 



In particular, for any a > —1, putting f{t) = t", we have 



< lim (2n2"+3loglogn)-^/2 < 



V(a + 3/2)(a + 2) v/(a + 3/2)(a + 2) 

Example 4.2 Let a > 1 be real, then we have 

^^""^^^ ^< IE^n-i-('^/2)(21oglogn)-i/2y |5,r < + ^ 



^1 dt 



/n particular, a=l,2, we have 



V 



-== < lim n-^/2('2iogiog^)-i/2y^ i^.i < ^ I = 
V3 ^ V3 I 



— — < lim 77, (2 log log n) > LBj f < — ^ 
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